Abstract. We show that if a divisor centered over a point on a smooth surface computes a minimal log discrepancy, then the divisor also computes a log canonical threshold. To prove the result, we study the log canonical threshold of the graded sequence of ideals associated to a divisor over a variety. This invariant determines whether or not the divisor computes a log canonical threshold. We also provide a geometric interpretation of this invariant.
Introduction
The log canonical threshold and minimal log discrepancy are two invariants of singularities that arise naturally in the study of birational geometry. Minimal log discrepancies are of particular interest due to a work of Shokoruv [Sho04] in which he proved that two conjectures on minimal log discrepancies (semicontinuity and the ascending chain condition (ACC)) imply the termination of flips, a result needed to complete the minimal model program in full generality.
Shokurov originally conjectured that both the set of minimal log discrepancies and log canonical thresholds in fixed dimension should satisfy the ACC. The conjecture was proved for log canonical thresholds on smooth varieties in [dFEM10] and later in full generality [HMX14] . The general form of the ACC conjecture for minimal log discrepancies remains open. In this way, as well as others, minimal log discrepancies are less well understood than log canonical thresholds.
In order to to define these two invariants, we recall the following notion. A divisor over a variety X corresponds to a prime divisor on a normal variety Y , proper and birational over X. We call (X, a λ ) a pair if X is a normal Q-Gorenstein variety, a ⊆ O X a nonzero ideal, and λ ∈ R ≥0 . The log discrepancy of a pair (X, a λ ) along E is defined as a E X, a λ := k E + 1 − λ ord E (a),
where k E is the coefficient of E in the relative canonical divisor and ord E is the valuation given by order of vanishing along E. A pair (X, a λ ) is klt (resp., log canonical) if for all divisors E over X, a E (X, a λ ) > 0 (resp., ≥ 0). See Section 2.3 for further details on log discrepancies.
Arising from these definitions are two invariants that measure the "nastiness" of a singularity. Assuming X has klt singularities, the log canonical threshold of a nonzero ideal a on X is defined as lct(a) := sup{λ ∈ R ≥0 | (X, a λ ) is log canonical}.
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Given a klt pair (X, a λ ) and a (not necessarily closed) point η ∈ X, the minimal log discrepancy of (X, a λ ) at η is defined as mld η (X, a λ ) = min{a E (X, a λ ) | E a divisor over X with c X (E) = η}.
See Section 2 for further details on these definitions. In understanding these two invariants it is natural to make the following definition. Given a divisor E over X, we say that E computes a log canonical threshold if there exists a nonzero ideal a on X such that a E X, a λ = 0, where λ = lct(a). Furthermore, we say that E computes lct(a). Similarly, we say that E computes a minimal log discrepancy if there exists a pair (X, a λ ) such that mld η (X, a λ ) = a E X, a λ with η = c X (E). Furthermore, we say that E computes mld η (X, a λ ).
Question 1.1. Which divisors over a variety compute log canonical thresholds (resp., minimal log discrepancies)?
Divisors computing log canonical thresholds satisfy special properties. As we will explain shortly, it is well known that divisors computing log canonical thresholds have finitely generated graded sequences of ideals. It is not known if the same can be said for divisors computing minimal log discrepancies. Note that if E computes λ = lct(a) and η = c X (E), then E also computes mld η (X, a λ ) , which is 0. Thus, divisors computing log canonical thresholds also compute minimal log discrepancies. The reverse statement is not necessarily true. We prove the following. Theorem 1.2. If X is a smooth surface, then every divisor over X centered at a point that computes a minimal log discrepancy also computes a log canonical threshold.
It is known which divisors satisfy the hypotheses of the theorem. If E is a divisor over a smooth surface X with c X (E) = {x} such that E computes a log canonical threshold, then ord E is a monomial valuation in some analytic coordinates at x [FJ05, Lemma 2.11]. For further results on divisors computing log canonical thresholds on surfaces, see [ST07] and [Tuc10] .
With the above definitions, Theorem 1.2 does not extend to the case of divisors centered at a curve (rather than a point). Consider the prime divisor
where η is the generic point of D. The divisor D does not compute a log canonical threshold on A 2 (but does on A 2 \ {0}). In proving the above theorem, we make use of the following object. Given a divisor E over a normal variety X and a morphism f : Y → X of normal varieties such that E arises as a prime divisor on Y , there is a corresponding graded sequence of ideals a
this is the ideal on X of functions vanishing to order at least m along E, hence it is independent of the choice of f ). We say that a E • is finitely generated if
The first assertion of the above proposition is an elegant restatement of the fact that if a divisor E has log discrepancy in the interval [0,1) along a klt pair, then a E • is finitely generated. (When X is Q-factorial, this follows directly from [Kol13, Corollary 1.39].)
In the literature, there are two examples of divisors over smooth varieties with non-finitely generated graded sequences of ideals [CGP00] [Kür03] . Again, by [Kol13, Corollary 1.39], it is well known that these divisors cannot compute log canonical thresholds (but not whether they compute minimal log discrepancies). As we explain in Example 7.3, our results in Section 5 show that these two divisors cannot compute minimal log discrepancies.
Structure of the Paper: In Section 2 we provide preliminary information on log discrepancies, log canonical thresholds, and graded sequence of ideals. Section 3 provides a proof of Theorem 1.4 and a related statement of independent interest on the graded sequence of ideals corresponding to a divisor over a variety. In Section 4 we prove Proposition 1.5. Section 5 gives of proof Proposition 1.3 and a condition on which divisors compute minimal log discrepancies. Section 6 concerns minimal log discrepancies on surfaces and a proof of Theorem 1.2. Lastly, Section 7 provides computations of lct(a E • ) for a few examples of divisors over smooth varieties.
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Preliminaries
Conventions: For the purpose of this paper, a variety is a reduced, irreducible, separated scheme of finite type over a field k. Furthermore, we will assume that k is of characteristic 0 and algebraically closed. Let f : Y → X be a proper birational morphism of normal varieties, and E a prime divisor on Y . We define the center of E on X to be c X (E) = f (E). Arising from E is a discrete valuation of K(X) that we denote by ord E . The valuation corresponds to the DVR O Y,E ⊆ K(Y ) ≃ K(X). Given a nonzero ideal a on X, we set ord E (a) = e where a · O Y,E = (t e ) and t ∈ O Y,E is a uniformizing parameter of the DVR. We will use the convention that ord E (0) = +∞, where 0 denotes the zero ideal. For a Q-Cartier divisor D ≥ 0, the vanishing of D along E is defined in the following way. Choose m ∈ Z >0 such that mD is Cartier and let
By linearity, ord E extends to a function on CDiv R (X). Given Y → X and Y ′ → X as above, we identify a prime divisor on Y with a prime divisor on Y ′ if the two divisors induce the same valuation on K(X). Note that if 
. A divisor over X is an equivalence class given by this relation.
Remark 2.1. Let f : Y → X be a proper birational morphism of normal varieties. We will often consider ideals on X of the form
where E i is a prime divisor on Y and a i > 0 for 1 ≤ i ≤ r. For an open affine U ⊆ X, the ideal a(U) can be understood as followed. If U does not intersect f (E i ) for all
for some effective divisor D on Z. The integral closure of a is the ideal
It is always the case that a ⊆ a. We say that a is integrally closed if a = a. The Rees valuations of a are the valuations of K(X) corresponding to prime divisors in the support of D. The following propositions provide information on Rees valuations and integral closures of ideals.
Proposition 2.2. Let a be a nonzero ideal on a normal variety X. The set of Rees valuations of a are the valuations corresponding to the smallest set of divisors {E 1 , . . . , E r } over X such that 
. Once this is shown, it will follow that
and, thus, implying that a is integrally closed.
To prove the claim, we will show that µ * E ≥ D. Note that µ * E = F ord F (a) where the sum runs through all prime divisors F on Y . By Remark 2.1, it is clear
Proposition 2.4. If X is a normal variety and a a nonzero ideal on X such that a n is integrally closed for all n ∈ Z >0 , then the blowup of X along a is normal.
Proof. This follows from [HS06, Proposition 5.2.1] 2.3. Log Discrepancies. Let X be a normal variety. We say that X is Q-Gorenstein if the canonical divisor K X is Q-Cartier. If f : Y → X is a proper birational morphism of normal varieties and X is Q-Gorenstein, the relative canonical divisor of the morphism is defined as
If E is a divisor over X that appears as a prime divisor on Y , we let k E denote the coefficient of E in K Y /X . When the base variety is unclear, we will use the notation k E,X . The value k E is not dependent on the model Y but on the valuation ord E . Thus, this invariant extends to an invariant for a divisor over X.
Given a normal, Q-Gorenstein variety X, a nonzero ideal a ⊆ O X , and λ ∈ R ≥0 , we refer to (X, a λ ) as a pair and define the log discrepancy of (X, a λ ) along E as
We say that the pair (X, a λ ) has klt (resp. log canonical) singularities if a E X, a λ > 0 (resp. ≥ 0) for all divisors E over X.
If X is Q-Gorenstein and ∆ is Q-factorial, the log discrepancy of (X, ∆) along E is a E (X, ∆) :
We say that (X, ∆) is a klt (resp. log canonical) pair if a E (X, ∆) > 0 (resp. ≥ 0) for all divisors E over X. We say that (X, ∆) is plt if a E (X, ∆) > 0 for all divisors E over X with codim c X (E) ≥ 2. Lastly, we say that X is klt (resp. log canonical) if X is normal, Q-Gorenstein, and (X, 0) is klt (resp. log canonical).
2.4. Minimal Log Discrepancies. Given a pair (X, a λ ) and a (not necessarily closed) point η ∈ X, we define the minimal log discrepancy of (X, a λ ) at η to be mld η (X, a λ ) := inf a E X, a λ |E is a divisor over X with c X (E) = {η} .
Assuming codim({η}) ≥ 2, the value of mld η (a λ ) is either ≥ 0 or = −∞. If the above infimumum is ≥ 0, it is necessarily a minimum. See [Amb99] for more details on minimal log discrepancies.
Graded Sequences of Ideals.
A graded sequence of ideals on a variety X is a sequence of ideals a • = {a m } m∈N on X such that a m · a n ⊆ a m+n for all m, n ∈ N. (We use the convention that N includes 0.) In the case when a 0 = O X , the Rees algebra of a • is the N-graded O X -algebra
We say that a • is finitely generated if R(a • ) is a finitely generated O X -algebra. We say that a • is finitely generated in degree n if a nm = (a n ) m for all m ∈ N. A graded sequence of ideals a • is finitely generated if and only if a • is finitely generated in some degree n ∈ Z >0 [Gro61, Lemma 2.1.6.v].
We list three examples of graded sequences of ideals that arise in algebraic geometry.
• For a trivial example, let b be an ideal on X and define a m = b m .
• Let f : Y → X be a proper birational morphism of normal varieties and E be a prime divisor on Y . The divisor E gives rise to a graded sequence of ideals, denoted by a
. Note that this only depends on E and not on the model Y .
• Let L be a line bundle on a variety X, having nonnegative Kodaira dimension and a m (L) denote the base locus of |L m |. This example was studied in [ELM + 06]. For a graded sequence a • , let S(a • ) = {m ∈ N|a m = 0)}, where 0 is the zero ideal. If a • is a graded sequence of ideals on X such that S(a • ) is nonempty, we define
See [JM12, Section 2] for further details.
2.6. Log Canonical Thresholds. For a nonzero ideal a on a klt variety X, the log canonical threshold of the ideal is defined as
From this definition, it follows that lct(O X ) = +∞. We define lct(0) = 0, where 0 denotes the zero ideal. Note that (X, a λ ) is log canonical if and only if
Moreover, if Y → X is a log resolution of (X, a) and
, it is sufficient to take the above infimum over all prime divisors contained in Supp(D) (see [Laz, Section 9 .3]). Since Supp(D) has finitely many components, the above infimum is necessarily a minimum. Similarly, if ∆ ∈ CDiv R≥0 (X), then the log canonical threhsold of ∆ is lct(X, ∆) := sup{λ ∈ R ≥0 |(X, λ∆) is log canonical}.
In Section 1, we said that for a nonzero ideal a, a divisor E computes lct(a) if a E X, a λ = 0, where λ = lct(a). Note that this is equivalent to the condition that lct(a) = (k E + 1)/ ord E (a).
The following elementary properties of log canonical thresholds give rise to the definition of the log canonical threshold for a graded sequence of ideals.
Lemma 2.5. Let a, b be nonzero ideals on a klt variety X. The following hold:
( In the following statements we collect some basic information on this asymptotic invariant.
Proposition 2.6. Let X be a klt variety and a • a graded sequence of ideals on X such that S(a • ) is nonempty. The following hold:
(
, where the infimum runs over all divisors F over X.
(2) If a • is finitely generated in degree m (i.e. a mn = (a m ) n for all n ∈ N), then
.
• is finitely generated. By Lemma 3.1, the blowup of X along a E m is normal (Proposition 2.4) and the exceptional locus of the blowup is a prime divisor that corresponds to E (Proposition 2.2).
Remark 3.2. If X is Q-factorial, then the existence of such a model in Theorem 1.4 implies finite generation. The following argument is well known. Assume there exists a projective birational morphism π : X E → X with one exceptional divisor and it is equal to E. Let A be a π-ample divisor on X E . Since X is Q-factorial, we may replace A with A−π * (π * A) to keep A π-ample, but also make A π-exceptional. By the negativity lemma, such a divisor must be anti-effective [KM98, Lemma 3.39]. Thus, A must be equal to some negative multiple of E, and −E is π-ample. We conclude that
is finitely generated. This also implies that X E ≃ Proj X ⊕π * O X E (−mE)), and thus, such a model X E is unique.
If E is a divisor over a normal variety X, it is natural to ask which exceptional divisors arise on the normalized blow up of a Proof. We assume that X is affine (since blowups can be computed locally), and let (R, m R ) ⊂ K(X) denote the DVR of the function field of X associated to the divisor E. Thus, a We must show that {x m } is codimension 1 on X m (the normalization of X m ) for all m divisible enough. In order to do this, it is sufficient to show that O m = R for m ∈ Z >0 divisible enough.
Claim 1: For m, n ∈ Z >0 such that ord E (a 
Claim 2: For any element f ∈ R, there exists m f ∈ Z >0 so that f ∈ O m f .
Write f = u/v where u, v ∈ O X (X). Set m f := ord E (v). Since f ∈ R, we have that
and we can write a m f = (u, v, w 1 , . . . , w t ) for some choice of w i 's. Since ord E (w i /v) ≥ 0, x m f lies on the chart of the blowup of a m f corresponding to 
Finite Generation Using MMP
Utilizing the relative LMMP (log minimal model program), we obtain a sufficient condition for the finite generation of a E • , the graded sequence corresponding to a divisor E over a variety X. We first state the following proposition, which is known to experts. In the case when X is Q-factorial, the proposition follows directly from [Kol13, Corollary 1.39]. OUr proof relies on the finite generation statement in [BCHM10] .
Proposition 4.1. Let E be a divisor over a klt variety X such that c X (E) has codimension greater than 2. If there exists a divisor ∆ such that (X, ∆) is klt and a(E, X, ∆) < 1, then a E • is finitely generated. Before proving the proposition, we recall the following. We say that two Q-divisors Proof. Let (X, ∆) be a klt pair and set a := a E (X, ∆) < 1. We may choose f : Y → X to be a log resolution of (X, ∆) such that E Y is a divisor on Y identified with E. We have that
where f −1 * ∆ denotes the strict transform of ∆ and E Y , E 1 , . . . , E r are the exceptional divisors of f . Adding (1 − ǫ) E i to both sides and looking at f -linear equivalence, we have
Since (X, ∆) is klt, a E i (X, ∆) > 0 for all i. Thus, we may fix 0 < ǫ < 1 so that a E i (X, ∆) − ǫ > 0 for all i. Now, (Y, f −1 * ∆ + (1 − ǫ) E i ) is a klt pair, since Y is smooth and f −1 * ∆ + (1 − ǫ) E i is a simple normal crossing divisor with coefficients in [0, 1). Additionally,
Thus, the pair (Y, f −1 * ∆ + (1 − ǫ) E i ) satisfies the hypotheses of [BCHM10, Theorem 1.2], and we conclude
is a finitely generated O X -algebra. Additionally, so is
Since a E i (X, ∆) − ǫ > 0 for all i, it follows
Proof of Proposition 1.5. The first statement follows from Proposition 4.1 and Lemma 4.2. The condition that a E
• is finitely generated is local on X. Thus, it is sufficient to consider the case when X is affine (which is necessary for the application of Lemma 4.2).
For the second statement, assume that a E
• is finitely generated in degree n. By the proof of Theorem 1.4, f :
since it is the pull-back of a Q-Cartier divisor. The divisor K Y /X is Q-Cartier, since it is supported on E Y and E Y , being the exceptional locus of a blouwup, is Q-cartier.
Let F be a divisor over X. We have ord F (a
• is finitely generated in degree n. Additionally
where the first inequality follows from the description of Y as a blowup along a E n and the second is definitional. Additionally,
The equality follows after finding a morphism g : Z → Y that is a projective birational morphism of normal varieties such that F arises a prime divisor on Z. We note that
After noting that, for a graded sequence a • on X,
Definition 4.3. . Let g : Z → X be a projective birational morphism with exactly one irreducible exceptional divisor, say S. We say that g : (Z, S) → X is a plt blow-up if (Z, S) is plt and
Proposition 4.4. Let E be a divisor over a klt variety X with codim c X (E) ≥ 2. If
• is finitely generated and
as in the proof of Proposition 1.5. By our assumption, the latter value is > 0. Thus,
Connection with divisors that comput lct's and mld's
The following proposition shows that, for a divisor E over X, the value of lct(a E • ) determines whether or not E computes a log canonical threshold. The proposition immediately implies Proposition 1.3.
Proposition 5.1. Let E be a divisor over a klt variety X. The following are equivalent:
(1) The divisor E computes the log canonical threshold of some log canonical pair (X, b). (2) The divisor E computes the log canonical threshold of (X, a E m ) for all m divisible enough. (3) The following equality holds: lct(a
and equality holds when F is set equal to E. Thus,
and both log canonical thresholds are computed by E. The divisor E computes lct(a
• is finitely generated? (2) Does this imply that lct(a
By Proposition 1.3 and Proposition 1.5, the answer is yes to both if we replace the words "minimal log discrepancy" with "log canonical threshold." Also, note that, by Theorem 1.5, an affirmative answer to the second question implies an affirmative answer to the first.
Let's consider a divisor E such that lct(a E • ) < k E + 1 and ask whether or not it can compute a minimal log discrepancy. We know that there must exist some divisor F such that
< k E + 1. Additionally, it might be that c X (E) = c X (F ) and k F ≤ k E . The proposition below shows that if such an F exists, then E cannot compute a minimal log discrepancy.
Proposition 5.3. Let E, F be divisors over a klt variety X with (1) c X (E) = c X (F ), (2) k F ≤ k E , and
Then for any log canonical pair (X, b λ ) where c X (E) ⊂ Cosupp(b) and λ > 0
Before proving the above proposition, we define the log discrepancy of a divisor F over X along a λ • , where a • is a graded sequence of ideals on X with S(a • ) = ∅ and λ ∈ R ≥0 , as a F X, a λ
• := k F + 1 − λ ord F (a • ) and prove the following lemma.
Lemma 5.4. Let E, F be divisors over X satisfying the conditions in Proposition 5.3. Then,
Proof. Note that a F X, a When λ = 0, we compare the values of the two functions:
Set λ F and λ E to be the values of λ so that a F X, a 
where the inequality comes from our assumption. By analyzing these linear functions, we see that the desired inequality holds.
Proof of Proposition 5.3. Let E, F and (X, b λ ) satisfy the hypotheses of the proposition. We have
where the first inequality follows from b ⊂ a E ord E (b) , the second from the definition of the asymptotic order of vanishing as an infimum, the third from the previous lemma, and the last from Lemma 2.7.
Divisors computing mlds on surfaces
Before proving Theorem 1.2, we prove the following lemma and proposition. Much of the content of the following lemma can be found in [Lip69] .
Lemma 6.1. Let x ∈ X be a point on a surface with at worst rational singularities and E a divisor over X with c X (E) = {x}. If
is a projective birational morphism and Y is a smooth variety that contains E as a prime divisor, then there is an m ∈ Z >0 such that a E • is finitely generated in degree m and a
Proof. The statement in the theorem is local in a neighborhood of x ∈ X. Thus, it is sufficient to consider the case when X is a projective surface and X is smooth or has an isolated singularity at X. Now, we consider the intersection form on the curves in Exc(f ). By the Hodge Index Theorem, the intersection form on Exc(f ) is negative definite. Thus, we may define a Q-divisorĚ with support on Exc(f ) such thať
SinceĚ intersects non-negatively with all exceptional curves of f ,Ě is f -nef. By [Lip69, Theorem 12.1],Ě is also f -base point free (we are using that X has rational singularities). Thus,Ě gives rise to a fiber space h, over X, that contracts all curves in Exc(f ) not equal to E.
The only exceptional divisor of the map j (labeled in the above diagram) corresponds to E. Since j is a projective birational morphism with exactly one exceptional divisor corresponding to E, we conclude that a 
Proposition 6.2. Let X be a surface, x ∈ X a smooth point or a du Val Singularity, and (X, b λ ) a pair such that x ∈ Cosupp(b) and λ > 0. If there exists a divisor E that computes mld x (X, b λ ), then lct(a E • ) = k E + 1. Proof. We first consider the following maps
where g : X ′ → X is the minimal resolution of X and f : Y → X ′ be the map achieved by repeatedly blowing up the center of E until the center is a prime divisor. If x ∈ X is a smooth point, then X ′ = X and g is the identity. Similarly, if E corresponds to a prime divisor on X ′ , then Y = X ′ and f is the identity. Let E 1 , . . . , E s denote the exceptional divisors of g • f . Note that if E i is not contracted by f , then f (E i ) is an exceptional divisor of g and k E i = 0. This follows from the definition of a du Val singularity.
By the previous lemma, there exists an m ∈ N so that a for all 1 ≤ i ≤ s. We claim that that
, then E cannot compute mld x (X, b λ ). A contradiction. Thus, it suffices to prove our claim that k E i ≤ k E for all 1 ≤ i ≤ s. Case 1: The map f is the identity. In this case, x ∈ X is a du Val singularity and E corresponds to a prime divisor on the minimal resolution of X. Thus, k E i = 0 for all 1 ≤ i ≤ s and k E = 0. We are done. Case 2: The map f is not the identity.
Let E r , E r+1 , . . . , E s denote the exceptional divisors of g • f that are contracted by f . Since these divisors arose via a sequence of blowups, we assume that the divisors are labelled in the order in which they arose. Thus, E s and E are equivalent divisors over X.
If 1 ≤ i < r, then E i is a an exceptional divisor of g and, as stated before, k E i = 0. If r ≤ j ≤ s, then E j either arose as the blowup of a point lying on a single exceptional divisor or the intersection of two such exceptional divisors. Thus, we have that either
Proof of Theorem 1.2. Let X be a smooth surface and E a divisor over X computing mld x (X, b λ ) where (X, b λ ) is a pair. If x / ∈ Cosupp(b) or λ = 0, then λ ord F (b) = 0 for all divisors F over X with {x} = c X (F ). Thus, mld x (X, b λ ) = min{k E + 1| E is a divisor with c X (E) = {x}} = 2 and the minimum is achieved by exactly one divisor over X, the divisor corresponding to the exceptional divisor of the blowup of X at {x}. Note that this divisor also computes a log canonical threshold, namely lct(m x ), where m x is the ideal of functions vanishing at x. If x ∈ Cosupp(b) and λ > 0, then we apply the previous proposition to see that lct(a E • ) = k E + 1. By Proposition 5.1, E must also compute a log canonical threshold.
Remark 6.3. We can prove an analogus result for du Val Singularities. If x ∈ X is a du Val singularity and E is a divisor over X computing mld x (X, b λ ) where x ∈ Cosupp(b) and λ > 0, then E computes an log canonical threshold. This, does not include the case of mld x (X, O X ).
In fact, if x ∈ X is an E 7 du Val singularity, then every exceptional divisor on the minimal resolution of x ∈ X computes mld x (X, O X ) (all exceptional divisors on the minimal resolution have log discrepancy 1.) However, not of all of these exceptional divisors compute log canonical thresholds.
Examples
Below, we compute lct(a Since k E 1 = 1, k E 2 = 2, and k E i = i + 1 for 3 ≤ i ≤ r, we see that lct(a • Er ) = k E 3 + 1 ord E 3 (a • Er ) = r + 2 6/(r + 3) = 6 r + 2 r + 3 .
Thus, we see two behaviors. We have that lct(a Er • ) = k Er + 1 when r = 3, but this is not the case when r > 3. The divisor E 3 computes a log canonical threshold, while E r does not for r > 3 (Proposition 1.3) .
Additionally, the divisor E r does not compute a minimal log discrepancy for r > 3 (Theorem 1.2). We may view E 3 as preventing E r from computing a minimal log discrepancy. For any log canonical pair (X, b λ ) and r > 3, we have that a Er X, b λ > a E 3 X, b a log canonical threshold (Proposition 1.3) or minimal log discrepancy (Proposition 5.3).
[CGP00] provides an additional example of a divisor over a smooth variety with non-finitely generated graded sequence of ideals. Using Proposition 5.3, it can similarly be seen that the divisor does not compute a minimal log discrepancy.
